
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



Vol. I. No. 2. January 21, 1904. 

The Journal of Philosophy 
Psychology and Scientific Methods 



CONCERNING THE CONCEPT AND EXISTENCE-PROOFS 
OP THE INFINITE. 

"DROBABLY no other single term has played so grave a role in 
-*- the thought of the world as the term Infinity or its verbal 
equivalents. Long before the days of Protagoras man believed him- 
self to be somehow the measure of all things. And this faith, as if 
rooted in the very core of his being, as if an essential element of the 
ultimate definition of man, as if an absolute invariant under all 
transformation of the germ plasm itself whence he springs and 
derives his continuity, has survived every vicissitude of human for- 
tune, marking and sustaining metaphysical speculation in every 
time and place. Actual knowledge is one thing, always imperfect 
and incomplete ; but the spirit of knowledge is quite another, always 
insatiable and intolerant of limitations. Unlike experience and 
observation, curiosity has known no bounds; and questions about 
the infinite, already prominent in the childhood of thought, back 
yonder figuring conspicuously amid the primal rudiments of phi- 
losophy, have rather gained than lost in interest with the lapse of 
time and have not ceased to be in one form or another among the most 
fascinating that have engaged the human mind. Often these have 
been questions primarily of theology or of metaphysics, but not inva- 
riably so. For man can not live by these interests alone. He has 
had to measure and to count, and this homely necessity, fruitful 
mother of difficulty and doubt, independently set the complementary 
problems of the indefinitely small and the indefinitely large; and 
thus needs quite as stern and immediate as those of philosophy and 
religion, I mean the exigencies of science and especially of mathe- 
matics, demanded, in the very beginnings of exact knowledge, that 
the understanding transcend every possible sequence of observations, 
pass the uttermost limits of 'experience,' which, however refined or 
enlarged, remains always finite, and actually lay hold upon infinity 
itself. To this ancient, irrevocable demand thus urged upon the 
reason from every cardinal point of human interest, genius has 
responded as to a challenge from the gods, and I submit that the 
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response, the attempt of man to subjugate extra-finite being and 
bring it under the yoke of knowledge, has been the most sublime and 
strenuous and inspiring enterprise of the creative intellect of every 
age. 

What of it? These centuries of gigantic striving, these ages of 
philosophic toil, this immeasurable devotion of energy and time and 
genius to a single purpose, the intellectual conquest of infinity — what 
has it all availed? Has any real advance been made? I speak of 
the conquest. I do not ask whether it has been accomplished. That 
might seem a trifle premature. I inquire whether, strictly speaking, 
it has been begun. Let not the import of the query be mistaken. 
Every one knows that seeking has compensations of its own and that 
these are oftentimes better than any which finding itself can give. 
So, conceivably, it might be with this problem of the infinite. It may 
be granted that, even supposing a solution to be unattainable, the 
ceaseless search for one, the unwearied high endeavor of the reason 
throughout the ages, presents a spectacle of which mankind, it may 
be, could ill afford to be deprived. It may be granted that inci- 
dentally many fine insights have been gained, which, though not 
solutions, have nevertheless permanently enriched the literature of 
the world and are destined to ennoble its life. It may be granted 
that in every time some doctrine of infinity, some philosophy of it, 
however imperfect, has been at least effective, has helped, that is, 
for better or worse, to fashion the forms of human institutions and 
to determine the course of history. Concerning none of these things 
is there here any question. As to what the question is there need not 
be the slightest misapprehension. The fact is that for thousands of 
years philosophy has recognized the presence of a perfectly definite 
problem, the most august of all her problems, namely, that of extend- 
ing the dominion of logic, the reign of exact thought, out beyond 
every range of finite things into and over the domain of the infinite, 
and for thousands of years she has constantly striven to solve the 
problem. And now I ask — not, has it been worth while? for that is 
conceded — but has she advanced the solution in any measure, and, if 
so, in what respect and to what extent ? 

The answer, fortunately, is to be as unmistakable as the question. 
It must be understood, of course, that the 'problem' as stated is 
exceedingly, almost frightfully, generic, embracing a host of inter- 
dependent problems. Of all these, one is preeminent. Without its 
solution, no other can be solved ; with its solution, any other may be 
eventually. That problem is the problem of definition, of discov- 
ering a certain principle, a principle of division, namely, that which 
separates the universe of things into its two most fundamental, mu- 
tually exclusive and, taken together, all-inclusive classes, the finite 
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and the infinite. It is, then, a problem of reciprocal delimitation, 
of telling precisely and finally what for thought the infinite is and 
what for thought the finite is. 

Thanks to the subtle genius of the modern Teutonic mind, this 
problem has been at length completely solved, and our original ques- 
tion is answered: the conquest has begun. Four men, 1 Bernard 
Bolzano, Bernhard Eiemann, Richard Dedekind and George Cantor, 
one of them an acute and learned theologian and philosopher with 
deep mathematical insight, the others profound mathematicians with 
a strong bent for metaphysics, quite independently and about the 
same time found substantially one and the same solution. And thus 
it is a distinction of our own time that within the memory of living 
men the characteristic mark of the infinite first failed to elude the 
grasp, and that the august term, after the most marvelous career of 
any in the history of speculation, has at last assumed the prosaic 
form of a perfectly precise and completely determined concept, and 
so been made available for the purposes of rigorously logical dis- 
course. And, now, what is this concept? Prom among a variety of 
equivalent forms of statement, we choose the following: A class 
(group, collection, assemblage, manifold) of things (elements) is 
infinite or finite according as it contains or does not contain a part to 
which the whole is equivalent in the sense that between the elements 
of the part and those of the whole there subsists a unique and recip- 
rocal, or one-to-one, correspondence. 

The formation of this concept is to be regarded, I believe, one 
of the greatest achievements of thought ; great as being in a sense the 
culmination of many centuries of arduous speculation; great as 
affording the means of meeting the necessity it has created for a 
reexamination and a juster evaluation of historic philosophies of the 
infinite; and greater still, I think, as containing the promise of 
future conquests in that realm transfinite whose boundary and char- 
acter the concept itself defines. But is this judgment not extrava- 
gant? For the concept is so simple, so apparently independent of 
any elaborate system of subtile presuppositions, that one can not but 
wonder why it was not formed long ago. Frankly, there seems to 
be no very obvious reason why it should not have been, by some 
Greek, for example, or an acute scholastic. It must be confessed 
that no divinity has seemed to shape the course of research. Cer- 

'Bolzano : ' Paradoxien des Unendlichen.' Riemann : ' On the Hypotheses 
which Lie at the Basis of Geometry.' Dedekind : ' Was Sind und Was Sollen 
die Zahlen,' also in English. Cantor's papers in Volume II. of Acta 
Mathematica, and elsewhere. Riemann, I should note, is here cited because he 
was first to point out the distinction between boundless and infinite manifolds. 
Bolzano, too, indicated the distinction between these adjectives, but seems not 
to have perceived its significance for geometry. 
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tainly there is no naming evidence of a predetermined rational order 
in the development of curiosity. On the contrary, in the evolution of 
thought, as in that of the material universe, there appear to be ves- 
tiges of chance, and seeming waste meets the gaze at every turn. 
What of it? Had the concept in question been early formed, the 
history of thought had doubtless been different. But it was not 
then formed. Now that we have it, it is found to be simple, very 
simple, hardly more complicated than the Newtonian law of gravi- 
tation, scarcely more difficult to understand than the geometric 
depiction of the complex variable, almost as easy to grasp as the 
notion of the conservation of energy, or a hundred other central con- 
cepts of science. That is very shallow criticism, indeed, and foolish, 
that values ideas according to their complexity and identifies the 
simple with the trivial. 

Any adequate account of the purely mathematical bearings of the 
concept in question would be a long story, and, even were it other- 
wise, should not be here attempted. For that the best recourse is 
to the cited works of the masters. My present concern is less remote. 
I propose to deal briefly with certain questions involved in recent 
discussions of the logical bearings and philosophic import of the 
idea. Among these discussions may be mentioned as most notable 
the beautiful essay, 'De Plnfini Mathematique, ' by M. Couturat, 
the imposing treatise on 'The Principles of Mathematics,' by Ber- 
trand Russell, and especially, because of their luminous character 
and rich suggestiveness, two essays by Professor Royce appearing 
respectively in volume I. of 'The World and the Individual' and in 
the October number of the Hibbert Journal of 1903. The work of 
the Frenchman has been extensively reviewed by Jules Tannery in 
volume VIII. of the Revue Generate des Sciences. I shall, therefore, 
confine my remarks to the mentioned discussions by the Englishman 
and the American. I take pleasure in confessing admiration for the 
masterful ingenuity of the discussions and in bearing witness to their 
general soundness. Nevertheless, despite the last-named quality, 
they appear to me to contain some more or less serious errors, one of 
them especially of the most radical nature, which, unless soon 
arrested in their course, are likely, particularly through the agency 
of Professor Royce 's fascinating papers, to gain a wide and lasting 
currency. 

These errors, arranged in the ascending order of their impor- 
tance, relate (1) to the so-called positive quality of the Dedekind- 
Cantor definition of the infinite; (2) to the alleged implicit denial, 
in the definition, of the axiom of whole and part; and (3) to the 
alleged possibility of proving, by aid of the concept, the existence 
of the infinite. 
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We will examine these in order. Independently of Dedekind 
and Cantor, Bolzano defined finite and infinite substantially as fol- 
lows : Suppose given a class C of elements. Out of these suppose a 
series formed by taking for first term one of the elements, for second 
term two of them, and so on. Any term so obtained is itself a class 
of elements, and is defined as finite. Now either the process in ques- 
tion will exhaust C or it will not. If it will, C is itself demon- 
strably finite; if it will not, C is defined to be infinite. Now, say 
Professor Royce and others, such definitions, thus depending 
respectively on the notions of exhaustibility and inexhaustibility, are 
respectively positive and negative. Bolzano affirmed and exem- 
plified, though he did not demonstrate, the proposition that any 
class, if infinite according to his definition of the term, enjoys the 
property of being equivalent, in the sense above explained, to some 
proper part of itself. Now it can be, and, indeed, repeatedly has 
been, proved that every class that is infinite in Bolzano's sense, and 
no other class, possesses the property in question; accordingly this 
property might be taken as a basis of a definition of the infinite. Pre- 
cisely this was done by Dedekind and Cantor, with the result that as 
a class is infinite or finite according as it has or has not a certain 
property, it is now, according to Professor Royce, the infinite which 
is positive and the finite which is negative. Really, it appears to me, 
this comes perilously near to juggling with words. For what is pos- 
itive and what negative? Are we to understand that these have 
absolute as distinguished from relative meaning ? I am reminded of 
Lotze's observation to the effect that an idea, once in the mind, is 
really there, at least there then — something positive, you see — and 
accordingly that the real problem of memory is not how we recollect, 
but how we forget. Perhaps the distinction has merit. If so, then 
I suppose we must allow that, a process being once started, its con- 
tinuation is positive, its termination negative, in which case not to end 
would be positive and to end negative, and so it would turn out to be 
Bolzano's definition which is positive and that by Dedekind negative. 
Such simple dialectic, I do not for an instant imagine, can be in the 
slightest degree edifying to so acute a logician as Professor Royce. 
I have dwelt upon it in order to guard against the impression which 
his paper in the Hibbert Journal seems likely to give that in the 
author's judgment the value of Dedekind 's definition, of which so 
much is there made and, for the most part, justly, too, somehow con- 
sists largely in its alleged positive quality. In and of itself the dis- 
tinction of positive and negative is here of no importance. What is 
important is that, either of the definitions being adopted, the other 
states a derivable property of the thing defined. I am far from 
intending to say that, because the definitions are logically equivalent, 
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they must needs be or, indeed, are so practically, that is, for use in 
investigation. That is another matter, to be tested by trial, and, in 
this matter, I heartily concur with Professor Royce's preference. 

I turn now to the assertion by Professor Royce and Mr. Russell 
that the Dedekind- Cantor definition of the infinite, of which the 
above italicized statement is the exact equivalent, in fact denies the 
axiom of the whole and part. It is, in the first place, to be observed 
that the statement itself avoids the expression equality of whole 
and part, and employs the term equivalence. As I remember it, the 
word employed by Dedekind himself is ahnlichkeit. But, says Pro- 
fessor Royce, that is what the axiom means by equality. Now it is 
just this statement which I venture to draw in question. Says Pro- 
fessor Royce, if we know that each soldier of a company marching 
along the street has one and but one gun on his shoulder, then even 
if we do not know how many soldiers or guns there are, we do know 
that there are precisely 'as many' soldiers as guns. Now what the 
definition in question, taken severely, affirms, in this case, is that the 
assemblage of guns is 'equivalent or similar' to that of the soldiers. 
Note that we are speaking here of multitudes as distinguished from 
continua, a restriction which Professor Royce will allow, as he has 
adopted it in his own discussion now under review. If now in place 
of soldiers we write, for example, all positive integers, and in place 
of guns, all even positive integers, then the definition again asserts, 
as before, equivalence of these assemblages. Thus far nothing has 
been said about number as an expression of how many. // now 
there be a number that tells how many things there are in one assem- 
blage, that same number tells how many are in any equivalent assem- 
blage, and just because the number, if there be one, is the same for 
both, the two are said to be equal by axiom. But common sense, 
whose axiom is here in court, has neither found nor affirmed the 
existence of a number telling, for example, how many integers there 
are. It thus appears that the axiom supposed, regarded by common 
sense if you will, however unconsciously but nevertheless in inten- 
tion, as applicable only in case there be a number telling how many, 
is in all strictness not denied by the definition in question. Numbers 
designed to tell how many elements compose an assemblage that is 
equivalent to a part of itself are of recent invention. These being 
once invented, it becomes a question, to be decided not under the 
spur of logical compulsion, but on grounds of pure expedience, 
whether equivalence shall be translated into equality. If the decis- 
ion be, as seems expedient, favorable to such translation, then the 
old axiom of whole and part, if viewed as above, still remains uncon- 
tradicted, is still valid precisely wherein it pretended to be valid; 
it is merely that a new number-domain has been adjoined in which 
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the old axiom does not apply and never essentially pretended to, and 
on account of which, for the sake of good neighborship, it is com- 
pelled, not indeed to retract its ancient claims, but merely to assert 
them more cautiously and diplomatically. 

There remains but little space to consider the third question, a 
question of the most fundamental importance, namely, whether it 
is possible to prove that there are infinite systems. That such proof 
is possible is affirmed by Bolzano, by Dedekind, by Professor Royee 
and by Mr. Russell. Not to delay the issue, I may say at once, as 
I have elsewhere pointed out, 2 not only that the arguments adduced 
by them are vitiated by circularity, but that this is bound to be the 
case with every such attempted demonstration. In support of my 
first contention, it will suffice to examine one or two specimens of 
the alleged demonstrations, all of them being variants under a single 
type. To verify my representations it will, of course, be necessary 
for the reader to compare them with the authors' own statements, 
which can be readily found in their above-mentioned works. 

Bolzano undertakes to prove, among other like statements, the 
proposition that die Menge der Sa.tze und Wahrheiten an sich is 
infinite, this latter term being understood, of course, in accordance 
with his own definition above given. The attempt informally postu- 
lates : the proposition, such truths exist, is such a truth, A; A is true, 
is another such truth, B; so on; and, the indicated process is inex- 
haustible. Doubtless these postulates are all of them true, but the 
last is so evident a petitio principii as scarcely to deceive even a 
freshman. 

In case of Dedekind 's demonstration, of which Professor Royee 
has repeatedly expressed his admiration, as any one may well do, for 
the argument is exceedingly ingenious, the versteckter Zirkel lies 
much more deeply inwrapped, owing to the so-called positive form of 
Dedekind 's concept of the infinite. On examination the proof is 
seen to postulate as certainties: (1) if there be a t (symbol for 
thought), there is a V (call it image of t) having t as object; (2) if 
there be two distinct t's, the corresponding t"s are distinct; (3) there 
is a t ; (4) there is a t which is not a t' ; (5) every t is other than its V . 
These being granted, it is easy to see, by supposing each t to be paired 
with its t', as object with image, that the assemblage of all the t's 
and the assemblage 6' of all t"s are equivalent. But by (4) there 
is a t not in 0', which latter is, therefore, a part of 6. Hence is 
infinite, by definition. Now let this matter be carefully scrutinized. 
Assuming only these postulates and, of course, the possibility of rea- 
soning, it is obvious that by pairing the t of (4) with its image V, 

2 ' Concerning the Axiom of Infinity and Mathematical Induction,' Bulletin 
of the American Mathematical Society, May, 1903, Vol. IX. 
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then the latter with its f, and so on, a sequence 8 of t 's is started 
which by (1) and (5) can not terminate. This 8, too, by Dedekind's 
proof, is an infinite assemblage. Accordingly, postulate (1), with- 
out which the proof is impossible, postulates in advance of the argu- 
ment, certainty which, if the argument's conclusion be true, trans- 
cends the finite before the inference that an infinite exists is 
drawn. And this disclosure of the circle in Dedekind's movement, 
and that of Russell's is just as beautiful, at the same time illustrates 
the truth of my second contention, which is that all logical discourse 
of necessity presupposes certainty that transcends the finite. Space 
fails me to exhibit this fact duly — I say exhibit, not prove, for to 
say the latter would be tantamount to assuming the possibility of 
a deductive argument A in order to prove that the conclusion of A 
can not be drawn unless it is assumed in advance. The fact, then, 
if it be a fact, and of that I have not the slightest doubt, is to be 
added to that group of fundamental simplicities which can at best 
be seen, if the eye be fit. For the present a single other exhibition 
of the fact must suffice. Consider the form : every a is a b ; every b is 
a c ; . • . every a is a c. I merely point out here that the apodictic 
feeling, which is the only and an absolute justification, without 
appeal, of the inference as such, is in no slightest degree contingent 
upon any question as to whether the assemblage of a's is or is not 
equivalent to some one of its parts. The feeling of validity here 
transcends the finite. 

C. J. Keysee. 
Columbia Univebsitv. 
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T WISH, in this note, to enter a plea for a more systematic study 
-*- than has yet been made of the images of organic sensations and 
their complexes. It seems to have been taken pretty much for 
granted that the human mind is capable of images of all sensations. 1 
Sully says outright that 'revival under the form of an image holds 
good of all classes of percepts or sense-impressions. 2 Ladd, whom 
I understand to deny the specificity of organic sensations other than 
the kinesthetic, 8 appears to agree. 4 James does not raise the ques- 

1 1 write this note in some haste, and without an adequate review of the 
literature. This sentence may, therefore, be exaggerated; but it conveys my 
impression. 

"Human Mind/ II., 1892, 281. 

"Psychology, Descriptive and Explanatory,' 1894, 118 f. 

* Ibid., 234 f., 244. 



